Abstract. In this note, we study the Arens regularity of projective tensor product A⊗B whenever A and B are Arens regular. We establish some new conditions for showing that the Banach algebras A and B are Arens regular if and only if A⊗B is Arens regular. We also introduce some new concepts as leftweak * -weak convergence property [Lw * wc−property] and right-weak * -weak convergence property [Rw * wc−property] and for Banach algebra A, suppose that A * and A * * , respectively, have Rw * wc−property and Lw * wc−property. Then if A * * is weakly amenable, it follows that A is weakly amenable. We also offer some results concerning the relation between these properties with some special derivation D : A → A * . We obtain some conclusions in the Arens regularity of Banach algebras.
m is called Arens regular. The mapping y ′′ → m t * * * t (x ′′ , y ′′ ) is weak * − to − weak * continuous for every y ′′ ∈ Y * * , but the mapping x ′′ → m t * * * t (x ′′ , y ′′ ) from X * * into Z * * is not in general weak * − to − weak * continuous for every y ′′ ∈ Y * * . So we define the second topological center of m as Z 2 (m) = {y ′′ ∈ Y * * : x ′′ → m t * * * t (x ′′ , y ′′ ) is weak * − to − weak * − continuous}. whenever both limits exist for all bounded sequences (x i ) i ⊆ X , (y i ) i ⊆ Y and z ′ ∈ Z * , see [5, 20] . The regularity of a normed algebra A is defined to be the regularity of its algebra multiplication when considered as a bilinear mapping. Let [5, 20] . The mapping m is left strongly Arens irregular if Z 1 (m) = X and m is right strongly Arens irregular if Z 2 (m) = Y . Regarding A as a Banach A − bimodule, the operation π : A × A → A extends to π * * * and π t * * * t defined on A * * × A * * . These extensions are known, respectively, as the first (left) and the second (right) Arens products, and with each of them, the second dual space A * * becomes a Banach algebra. In this situation, we shall also simplify our notations. So the first (left) Arens product of a ′′ , b ′′ ∈ A * * shall be simply indicated by a ′′ b ′′ and defined by the three steps:
It is clear that
for every a, b ∈ A and a ′ ∈ A * . Similarly, the second (right) Arens product of a ′′ , b ′′ ∈ A * * shall be indicated by a ′′ ob ′′ and defined by :
for all a, b ∈ A and a ′ ∈ A * .
Arens regularity of projective tensor product algebras
The tensor product, X ⊗ Y , of the vector space X, Y can be constructed as a space of linear functional on B(X × Y ), in the following way: Let x ∈ X and y ∈ Y . We denote by x ⊗ y the functional given by evaluation at the point (x, y). In other words,
for each bilinear from A on X × Y , so the tensor product X ⊗ Y is the subspace of the dual of bounded bilinear forms on X ⊗ Y , B(X × Y ) * . We recall that each tensor u ∈ X ⊗Y acts as a linear functional on the space of bilinear forms and so we may define a mappingÃ :
Let X, Y, E and F be vector spaces and let S : X → E and T : Y → F be linear mappings. Then we may define a bilinear mapping by (
for every x ∈ X and y ∈ Y . By X⊗Y and X⊗Y we shall denote, respectively, the projective and injective tensor products of X and Y . That is, X⊗Y is the completion of X ⊗ Y for the norm
where the infimum is taken over all the representations of u as a finite sum of the form u = n i=1 x i ⊗ y i , and X⊗Y is the completion of X ⊗ Y for the norm
The dual space of X⊗Y is B(X × Y ), and that of X⊗Y is a subspace of B(X × Y ). Although the injective tensor product of two Banach algebra A and B is not always a Banach algebra, their projective tensor product is always a Banach algebra. The natural multiplication of A⊗B is the linear extension of the following multiplication on decomposable tensors (a ⊗ b)(ã ⊗b) = aã ⊗ bb. For more information about the tensor product of Banach algebra, see for example [4, 5] . A functional a ′ in A * is said to be wap (weakly almost periodic) on A if the mapping a → a ′ a from A into A * is weakly compact. Pym in [20] showed that this definition to the equivalent following condition For any two net (a i ) i and (b j ) j in {a ∈ A : a ≤ 1}, we have
whenever both iterated limits exist. The collection of all wap functionals on A is denoted by wap(A). Also we have a ′ ∈ wap(A) if and only if
it is clear that A is Arens regular if and only if wap(A) = A
* . In the following, for Banach algebras A and B, for showing Arens regularity of projective tensor products A⊗B, we establish wap(A⊗B) = (A⊗B)
* . In all of this section, we regard A * ⊗ B * as a subset of (A⊗B) * .
Theorem 2-1. Suppose that A and B are Banach algebra and for every sequence
Then A⊗B is Arens regular.
Consequently by [20] , f ∈ wap(A⊗B). Proof.
(1) Assume that A⊗B is Arens regular and let u ∈ B be an unit element of B. We show that wap(A) = A * . Assume that (a i ) i ⊆ A , (c j ) j ⊆ A whenever both iterated limits exist and a
We conclude that a ′ ∈ wap(A), and so A is Arens regular. (2) Let u be an unit element of B and suppose that B is Arens regular. Then wap(B) = B * . Suppose that (a i ) i ⊆ A 1 and (b j ) j ⊆ B 1 whenever both iterated limits exist. Then (a i u) i ⊆ B 1 , and so for every b ′ ∈ B * , we have the following equality
Now let φ ∈ (A⊗B) * . We define the mapping T :
Consequently φoT −1 ∈ B * . Now we have the following equality
It follows that φ ∈ wap(A⊗B), and so A⊗B is Arens regular. The converse by using part (1) hold. provided that these limits exist.
There are some example of biregular non regular bilinear form that for more information see [22] .
Corollary 2-6. Suppose that A and B are Banach algebras. Then we have the following assertions. 
Similarly, we have
Consequently we have
It follows that m is biregular.
Example 2-9 [22] . Let A be a Banach algebra and 1 < p < ∞. Then Proof. By using [22, Theorem 3.4] and Theorem 2-8, proof hold.
Weak amenability of Banach algebras
For Banach algebra A, Dales, Rodrigues-Palacios and Velasco in [7] have been studied the weak amenability of A, when its second dual is weakly amenable. Mohamadzadih and Vishki in [19] have given simple solution to this problem with some other results, and Eshaghi Gordji and Filali in [10] have been studied this problem with some new results. In this section, We study this problem in the new way with some new results. Thus, for Banach A − module B, we introduce some new concepts as lef t − weak * − weak convergence property [ Lw * wc−property] and right − weak * − weak convergence property [ Rw * wc−property] with respect to A and we show that if A * and A * * , respectively, have Rw * wc−property and Lw * wc−property and A * * is weakly amenable, then A is weakly amenable. We also show the relations between these properties and weak amenability of A. Now in the following, for left and right Banach A − module B, we define, respectively, Lw * wc−property and Rw * wc−property concepts with some examples. 
Example 3-2 .
(1) Every reflexive Banach A − module has w * wc−property. (2) Let Ω be a compact group and suppose that A = C(Ω) and B = M (Ω). Let (a α ) α ⊆ A and µ ∈ B. Suppose that µa α w * → 0, then for each a ∈ A, we have
It follows that µa α w → 0, and so that µ has Rw * wc−property to zero with respect to A.
Let now B be a Banach A − bimodule, and let 
2. Suppose that S is a compact semigroup. Dose L 1 (S) * and M (S) * have Lw * wc−property or Rw * wc−property?
